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Abstrat
We develop Trunated Conformal Spae (TCS) tehnique for perturbations of c = 1 Conformal Field The-
ories. We use it to give the rst numerial evidene of the validity of the non-linear integral equation (NLIE)
derived from light-one lattie regularization at intermediate sales. A ontroversy on the quantization of Bethe
states is solved by this numerial omparison and by using the loality priniple at the ultraviolet xed point.
It turns out that the orret quantization for pure hole states is the one with half-integer quantum numbers
originally proposed by Fioravanti et al. [8℄. One the orret rule is imposed, the agreement between TCS and
NLIE for pure hole states turns out to be impressive.
1 Introdution
The saling funtions of 1+1 dimensional integrable models on the ylinder have proven to be
a very useful non-perturbative tool of investigation of their nite size eets, in partiular of
the renormalization ow properties of the vauum as well as of the exited states. Various
methods have been proposed for the alulation of these important quantities, as the Trunated
Conformal Spae (TCS) method [1℄ or the Thermodynami Bethe Ansatz (TBA) [2, 3℄. A very
promising method is the one introdued some years ago by Destri and de Vega [4, 5℄ (similar
methods were independently introdued in Condensed Matter Physis by other authors [6℄).
It onsists in dening a lattie model and give evidene that its ontinuum limit reprodues
the sine-Gordon QFT (sG) [7℄, then deriving a non-linear integral equation (NLIE) whih is
basially the ontinuum limit of the Bethe equations. There is one suh equation for eah
exitation in the spetrum of the physial states. The problem is to give a general rule to write
down the NLIE orresponding to a state haraterized by a ertain distribution of Bethe roots
and holes. This problem, namely to nd the NLIE for exited states, was rst addressed, in
a QFT ontext, in [8℄ whih disussed the ase of pure hole exitations. The general setup
of exited states was desribed in detail later in [9℄. The solution of the NLIE, the so-alled
ounting funtion, is a entral objet in Bethe Ansatz approah to integrable QFT from whih
it is possible to reonstrut the eigenvalues of all the loal onserved urrents of the theory put
on a ylinder of irumferene L.
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The aim of this paper is to present a numerial omparison between the NLIE and TCS.
We develop a TCS for c = 1 CFT perturbed by its cos βφ operator, that denes the sG model
as perturbation of a CFT. We ompare TCS data against saling funtions omputed from
numerial integration of NLIE and nd a very good agreement, espeially in the attrative
regime, but also in the repulsive one. This agreement, however, only shows up for a spei
hoie of the quantization rule for the Bethe Ansatz states whih is dierent from the one
reported in [9℄ and instead agrees with the one made in ref.[8℄. This leads to the observation
that the NLIE produes in fat more states than those present in the sG Hilbert spae. It is
known that the relation among the Hilbert spae of c = 1 CFT, the sG model and the massive
Thirring (mTh) model is a quite deliate issue [10℄. It is out of the sope of the present letter
to investigate this very important question. We intend to return to it in a more extensive paper
where a more detailed analysis of the results presented here will be given [11℄. It is important to
keep in mind that the NLIE (and in general Bethe Ansatz methods) are only able, at present, to
reprodue states with even topologial harge (i.e. even number of solitons minus antisolitons)
in sG model.
2 The NLIE and its properties
The Lagrangian of sG theory is
L =
∫
dx
(
1
2
∂µΦ∂
µΦ +
M2
β2
: cos (βΦ) :
)
.
Often it is onvenient to use the parameter p = β
2
8pi−β2
or the 6-vertex anisotropy γ = pi
p+1
.
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We do not reprodue here the dedution of the NLIE from the lattie Bethe equations.
Although there are subtle remarks to do on all the derivations presented so far [5, 9℄, this aspet
is out of the sope of this short letter and will be dealt with in a forthoming longer publiation
[11℄. Here we are ontent to present the nal equation and explain how it an be used to
investigate the nite size orretions to energy-momentum of the exited states.
The NLIE for the sG/mTh model reads
Z(λ) = l sinh λ+ g(λ|λj) + 2ℑm
∫ +∞
−∞
dxG(λ− x− iη) log(1 + (−1)δeiZ(x+iη)) (1)
where η is a positive free parameter, small enough not to reah any singularity of the ounting
funtion Z o the real axis. With suh presription, eq. (1) is totally independent of the hoie
of η by Cauhy's theorem. l is related to the irumferene of the spae-time ylinder L (the
spatial volume) by l = ML, where M is the mass sale of the theory, hosen to be equal to the
soliton mass. The kernel G(λ) is given by
G(λ) =
∫ +∞
−∞
dk eikλ
sinh (p−1)kpi
2
sinh pkpi
2
cosh kpi
2
.
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In terms of p, p = 1 is the free fermion point, and p = 1
k
, k = 1, 2, . . . are the thresholds where a new
breather appears. p < 1 orresponds to the attrative and p > 1 to the repulsive regime.
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The soure term g(λ|λj) is spei to the state onsidered and vanishes in the ase of the
vauum, whih in Bethe Ansatz language orresponds to a sea of real roots.
The ounting funtion Z(λ) has the property that any Bethe root satises
eiZ(λj) = −(−1)δ. (2)
The onverse is not true, i.e. there are values λh for whih e
iZ(λh) = −(−1)δ that are not
solutions of the Bethe equations. Suh loations on the real axis are alled holes.
Exited states are seen, in a typial Bethe Ansatz spirit, as dierent root ongurations for
a system of Bethe Ansatz equations and are given by reating some holes in the vauum sea
and adding some omplex roots. Holes and omplex roots are O(1) in number, while the real
roots of the vauum sea are O(N) (N being the number of sites), and tend to innity in the
ontinuum limit. The number δ is equal to the number of roots modulo 2 on the lattie.
For a state havingH holes at positions λh on the real axis, Nc omplex roots λc (of lose type)
suh that |ℑmλc| < pimin(1, p), Nw omplex roots (of wide type) with |ℑmλc| ≥ pimin(1, p)
and Ns speial roots/holes λs:
g(λ|λj) =
H∑
h=1
χ(λ− λh)−
Nc∑
c=1
χ(λ− λc)−
Nw∑
w=1
χII(λ− λw)− 2
Ns∑
s=1
χ(λ− λs)
where λj denotes the set of all parameters (j = h, c, w, s). The funtion χ(λ) is the odd primitive
of G(λ) and
χII(λ) = χ(λ) + sign(p− 1)χ(λ− ipi min(1, p) sign(ℑmλ)) .
is the so-alled seond determination of the funtion χ. The interested reader an nd more
details in [9℄.
The parameters λj are determined by the Bethe onditions
Z(λj) = 2piIj , Ij ∈ Z+ 1 + δ
2
(3)
whih are the ontinuum analogs of the logarithms of the Bethe equations. Any root of the
Bethe equations, as well as any hole, satises (3) and its position is therefore xed by giving its
Bethe quantum number Ij whih is half-integer for δ = 0 and integer for δ = 1.
The number Ns of speial roots/holes λs, for whih Z
′(λs) < 0, as introdued in [9℄, need
not to be speied a priori for a state. Indeed one an easily onvine oneself that in the deep
infrared limit l →∞, Z ′(λ) is always positive and these objets never appear. Their appearane
in some states for values of l smaller than a ertain l0 is ditated by the fat that sometimes the
logarithm in the onvolution term of the equation fails to remain in its fundamental domain,
and an analyti ontinuation imposes to modify the equation itself by adding new terms to the
soure. The number Heff = H−2Ns is invariant for a given state as the spatial volume l varies
and oinides with the number of dressed solitoni partiles in the state.
The number of the various speies of roots and holes in a onguration is not arbitrary but
rather is subjet to onstraints originating from an analysis of the asymptotis of the lattie
ounting funtion. These onstraints an be reast in a form that does not ontain the number
3
of real roots, and therefore their validity an be extended to the ontinuum limit, in a form that
we all the ounting equation [9℄
Heff = 2S +Mc + 2MwΘ(p− 1)
where Θ(x) denotes the usual step funtion and S is the total spin of the Bethe Ansatz system,
whih an be identied with half of the sG topologial harge Q.
One the funtion Z(λ) is evaluated as a solution of the NLIE, it an be used to ompute the
energy-momentum (E, P ) (or in priniple the eigenvalue of any other loal integral of motion)
P± = E ± P = z(λ|λj)− 2Mℑm
∫ +∞
−∞
dλ
2pi
e±λ log(1 + (−1)δeiZ(λ+iη))
where
z(λ|λj) = M
(
Nh∑
h=1
e±λh −
Nc∑
c=1
e±λc +Θ(1− p)
∑
w
e±λw
(
1 + e∓ipi(p+1)sign(ℑmλw)
)− 2 Ns∑
s=1
e±λs
)
In partiular, P±(L) for L → ∞ reprodues the asymptoti partile ontent of the state.
For L→ 0 instead, it is expeted to be related to the entral harge c and onformal dimensions
∆± of the ultraviolet CFT state by P± = − pi
6L
(c− 24∆±).
Notie that eq. (1) does not oinide with the one reported in [9℄. The argument of one
of logarithmi terms in [9℄ diers by a phase (−1)δ. Our hoie gives the orret infrared
asymptoti O(e−l) for the IR asymptotis of nite size eets, as it must be in a massive
theory. The expression in [9℄ would instead give a rapidly osillating integrand, whih gives a
ontribution that an be (after tedious alulations) proven to be only O(1/l) in the IR limit.
A areful analysis of logarithmi branhes onrms that our hoie is the orret one. We shall
report the details about this point in a later publiation [11℄.
3 UV behaviour of multi-soliton states
We onsider sG theory as the perturbation of a c = 1 massless free boson Φ ompatied on
irle of radius R by a potential V = g
2
: (eiβΦ + e−iβΦ) :, where g = M
2
β2
.The interation
term has onformal dimensions ∆V = ∆
±
V =
β2
8pi
= p
p+1
and beomes marginal when β2 = 8pi
whih orresponds to p = ∞. With the onvention2 adopted here, the primary states of the
unperturbed CFT, have left and right onformal dimensions
∆±n,m =
1
2
(
n
R
± 1
2
mR
)2
=
n2
2R2
+
m2R2
8
± nm
2
They are reated by the vertex operators Vn,m, where n ∈ Rand the winding number m (whih
is the eigenvalue of the topologial harge Q) satises m ∈ Z. Loality of the operator produt
2
Note that this onvention is dierent from the one usually adopted in the literature (see [10℄ and referenes
therein), where the ompatiation radius is 1/R and the elementary sine-Gordon eld is the dual of the
onformal salar at the UV xed point. In our onvention, the onformal salar eld is the UV limit of the
elementary sine-Gordon eld.
4
algebra puts a severe onstraint on the operator ontent of the UV eld theory. At a generi
value of the oupling onstant β there are only two dierent possible maximal loal subalgebras
of the algebra generated by the vertex operators [10℄, namely a bosoni algebra Ab generated
by operators with {n, m ∈ Z} whih orresponds to the modular invariant partition funtion
and is the UV limit of the sG model, and a fermioni algebra Af generated by operators with
{n ∈ Z, m ∈ 2Z}⋃{n ∈ Z+ 1
2
, m ∈ 2Z+1} orresponding to the Γ2 invariant partition funtion
and the UV limit of mTh eld theory. The two algebras overlap in the setor with even winding
number (topologial harge) whih is the setor ommon in the two o-ritial eld theories and
is the one that so far has been studied using the NLIE. We limit ourselves to this setor in this
paper too.
The ultraviolet behaviour of the solutions of the NLIE an be obtained in the so-alled kink
limit well-known from TBA. The method of alulation is the same as outlined in [8℄[9℄ so let
us just give the results. For the vauum (quantized with half-integer Bethe quantum numbers)
one gets the leading behaviour
P± = − pic
6L
+ ... , L→ 0
with c = 1, whih is the orret UV entral harge.
For a two-hole state quantized with integers (whih is the presription of [9℄) and having a
left-moving hole with quantum number I+ ≥ 0 and a right-moving one with quantum number
I− ≤ 0 (with I+ 6= I−) we obtain
∆± =
1
8R2
+
1
2
R2 − 1
2
± I±,
whih orresponds to the vertex operators V± 1
2
,2 and their desendants. As these operators are
not inluded in any of the two possible maximal loal operator algebras, we have to exlude the
integer-quantized two-hole states. The UV dimensions of the same two-hole onguration with
half-integer quantization turns out to be
∆± =
1
2
R2 − 1
2
± I±,
whih instead desribes V0,2 and its desendants, the primary state orresponding to the minimal
hoie I± = ±1
2
. This is in fat the vertex operator that one expets to be the UV limit of
the lowest lying two-soliton state in view of the results in [10℄. The results presented in [9℄
are dierent when speialised to the two-hole states. Sine (as shown in the next setion)
the numerial results onrm our alulations we think that the alulation of the ultraviolet
dimensions in [9℄ should be taken with are.
For generi states with even number of solitons H , half of whih move to the left and half
to the right, with their quantum numbers not neessarily symmetrial to the origin, hoosing
half-integer quantization we obtained that the UV limit orresponds to the family V0,H (the
primary state given by the lowest possible hoie of Bethe quantum numbers). This ontradits
the rule in [9℄ whih is integer quantization for H/2 odd and half-integer for H/2 even, but is
in aordane with what is expeted from the UV onformal eld theory and agrees with the
numerial results we present in the next setion. Integer quantization, instead, leads to the
vertex operators V± 1
2
,H and their desendants, whih are again exluded by loality.
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4 Trunated Conformal Spae at c = 1
In this setion we desribe results obtained using the Trunated Conformal Spae (TCS) method
whih support the validity of the NLIE desribing the vauum and pure hole states.
The TCS method was originally reated to desribe perturbations of Virasoro minimal mod-
els in nite spatial volume [1℄. We have developed an extension of the method to study per-
turbations of a c = 1 ompatied boson, more losely the perturbation orresponding to sG
theory.
The perturbation keeps the winding number m and the momentum P onserved. Therefore,
the Hilbert spae of the massive theory an be split into setors labelled by the values of P and
m, whih are quantized by integers. The TCS method onsists of retaining only those states in
suh a setor for whih the eigenvalue of the UV onformal Hamiltonian HCFT is less than a
ertain upper value Ecut, so the trunated spae is dened as
HTCS(s,m,Ecut) = {|Ψ〉 : P |Ψ〉 = s |Ψ〉 , Q |Ψ〉 = m |Ψ〉 , HCFT |Ψ〉 ≤ Ecut |Ψ〉} .
For a given value of s, m and Ecut this spae is always nite dimensional. In this spae, the
Hamiltonian is represented by a nite size matrix whose expliit form is:
Ĥ =
2pi
L
(
L̂0 + L̂0 − c
12
Î + g
L2−2∆V
(2pi)1−2∆V
B̂
)
,
where L̂0 and L̂0 are diagonal matries with their diagonal elements being the left and right
onformal weights, Î is the identity matrix and the matrix elements of B̂ are
B̂Φ,Ψ = 〈Φ| : cos(βˆϕ(1, 1)) : |Ψ〉 .
We hoose our energy units in terms of the soliton mass M , related to the oupling onstant g
by the mass gap formula given in ref. [12℄:
g = κM2−2∆V , κ =
2Γ(∆V )
piΓ(1−∆V )
 √pi
2Γ
(
1
2−2∆V
)
Γ
(
h
4−4∆V
)
2−2∆V .
The TCS method provides a nonperturbative way to obtain the spetrum (the mass gap, the
mass ratios and the sattering amplitudes) numerially whih an serve as a tool to hek the
predited exat results of integrable eld theories and get a piture of the physial behaviour
even for the non-integrable ase. The systemati error introdued by the trunation proedure
is alled the trunation error. It inreases with the volume L and an be made smaller by
inreasing the trunation level (at the prie of inreasing the size of the matries, whih is
bound from above by mahine memory and omputation time).
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While we do not desribe tehnial details of the TCS omputation (we refer the interested
reader to [1℄), we do have to make some remarks on how the TCS method applies to c = 1
theories.
The (dimensionless) energy of any state Ψ (the saling funtion) goes with the volume L as
EΨ(L)
M
= −pi
(
c− 12 (∆+Ψ +∆−Ψ))
6l
+Bl +
∞∑
k=1
Ck (Ψ) l
k(2−2∆V ) , (4)
where ∆±Ψ are the left/right onformal dimensions of the state in the ultraviolet limit, B is the
universal bulk energy onstant (the vauum energy density) and the innite sum represents the
perturbative ontributions from the potential V .
The bulk energy onstant has been predited from TBA and reads [12℄
B = −1
4
tan
(ppi
2
)
(5)
(the same was obtained from the NLIE in [5℄). This is a highly non-analyti funtion of p and
it beomes innite at the points where p is an odd integer. In fat, at these points there is a
value of k for whih k(2 − 2∆V ) = 2, and Ck (Ψ) → ∞. The innite parts of B and Ck (Ψ)
exatly anel, leaving a logarithmi (proportional to l log l) and a nite linear ontribution to
the energy, by a sort of a resonane mehanism.
In the attrative regime the results of TCS onverge very well when inreasing the trunation
level Ecut (as far as we do not approah too muh the free fermion point p = 1). On the ontrary,
in the repulsive regime there are onvergene problems for the saling funtions EΨ(L). These
are related to ertain ultraviolet divergenes in onformal perturbation theory already known in
the literature (for a detailed disussion see [13℄), whih disappear when we subtrat the vauum
energy from the exited states energies (whih is a sort of a renormalization proedure). The
relative energies EΨ(L) = EΨ(L)− Evac(L) onverge well, whih an be seen e.g. from the fat
that the mass gap aquires its exat value (whih is 1 in our units) quite rapidly when inreasing
the trunation level. Consequently, in the repulsive regime one an only trust the relative saling
funtions produed by the TCS method, while in the attrative regime we will see that even
the absolute energy values agree very well with the preditions of the NLIE (inluding the
predited bulk energy onstant (5) , whih is ompletely analyti for p < 1 and thus logarithmi
orretions are absent as well).
Even in the attrative regime, to get reliable results we had to work with dimensions around
4000, whih was just around the limitation of our mahines. Diagonalization for one setor
took around one day for twenty evenly spaed values of the volume L. This shows that the
TCS for c = 1 theories is far less onvergent than the one for minimal models (in the original
Yang-Lee example the authors of [1℄ took a 17 dimensional Hilbert spae (!) and arrived to
very aurate results). Suh a slow onvergene meant that the total proedure (building up
the basis, alulating the matrix elements and diagonalizing the Hamiltonian) had to be done
ompletely in a ompiled C program. For the matrix diagonalization, we used the LAPACK
numerial linear algebra library, freely available from Netlib over the Internet.
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Figure 1: The rst few energy levels in the vauum (m = 0) setor at p = 2
7
(plotted with
diamonds) for Ecut = 17.0 (the dimension of the spae is 4141) and the NLIE predition for the
vauum saling funtion (shown with a ontinuous line).
5 Numerial results
5.1 TCS and NLIE in the attrative regime
We have made the omparison of the numerial data from TCS and the NLIE preditions at
several values of the parameter p. For illustration, we present the ase of p = 2
7
. For this and all
other values of the oupling onstant, we obtained a spetaular agreement between the results
obtained by the two methods, up to deviations of order 10−4− 10−3 whih are smaller than the
size of the points in the plots. The deviation grows with the volume L, exatly as expeted
for trunation errors. By studying other parameters suh as the mass gap, the breather-soliton
mass ratios and the rate of onvergene of the energy levels with inreasing the value of Ecut,
the small dierenes an be learly attributed to the inauray in the TCS data.
Figures 1, 2 and 3 show the results in the m = 0, 2 and 4 setors, respetively. The value of
the predited bulk energy (5) has been subtrated from TCS data in order to normalize them
the same way as the NLIE data are. Note that in order to ahieve agreement the holes should
be quantized with half-integers. We have made some trials of integer quantization in the NLIE,
but the results obtained diered signiantly from the TCS data, with errors of the order 10%.
5.2 The repulsive regime
In the repulsive regime the absolute saling funtions do not onverge well in the TCS method as
it was desribed in Setion 4 above. We take as an example the value of the oupling p = 1.5 and
plot the relative saling funtions obtained from TCS, omparing them with the orresponding
ones obtained from the NLIE (gures 4 and 5). One an see that the trunation errors beome
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Figure 2: The rst few energy levels in the m = 2 setor at p = 2
7
(plotted with diamonds)
for Ecut = 20.0 (the dimension of the spae is 3917) and the NLIE predition for the two hole
saling funtions with quantum numbers
(−1
2
, 1
2
)
,
(−3
2
, 3
2
)
and
(−5
2
, 5
2
)
(shown with ontinuous
lines).
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Figure 3: The rst few energy levels in the m = 4 setor at p = 2
7
(plotted with diamonds)
for Ecut = 26.0 (the dimension of the spae is 3403) and the NLIE predition for the four
hole saling funtions with quantum numbers
(−3
2
,−1
2
, 1
2
, 3
2
)
,
(−5
2
,−1
2
, 1
2
, 5
2
)
and
(−5
2
,−3
2
, 3
2
, 5
2
)
(shown with ontinuous lines).
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Figure 4: The rst few energy levels relative to the vauum in the m = 2 setor at p = 1.5
(plotted with diamonds) for Ecut = 20.0 (the dimension of the spae is 4445) and the NLIE
predition for the relative two hole saling funtions with quantum numbers
(−1
2
, 1
2
)
and
(−3
2
, 3
2
)
(shown with ontinuous lines).
larger, at values of the volume l lose to 10 the deviation an be observed even from the gures.
For l < 5 the agreement is still within an error of order 10−3. One again, results obtained with
integer quantization for the holes showed a large deviation from the TCS data.
6 Conlusions
This letter should be seen as a preliminary report of the work done by our group to better
investigate and larify some of the properties of the NLIE in sG theory. We have given the rst
numerial hek against Trunated Conformal Spae data  the only heks so far have been
alulations of the onformal spetrum at small sale (kink limit) and omparison with the
Fatorized Sattering Theory at large sale. The results presented here are the rst evidene of
the validity of NLIE in the intermediate range of sales and thus show that the NLIE desribes
orretly the interpolation between the UV and IR asymptoti regions. Our approah has also
resolved some ambiguities about the hoie of quantization rule for the Bethe quantum numbers:
pure hole states are always quantized by half-integers in the sG model on a ylinder with periodi
boundary onditions. Work is in progress to extend the results to omplex roots, the outome of
whih will be published  together with details omitted in this paper  in a forthoming artile
[11℄.
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Figure 5: The rst few energy levels relative to the vauum in the m = 4 setor at p = 1.5
(plotted with diamonds) for Ecut = 22.5 (the dimension of the spae is 4149) and the NLIE
predition for the relative two hole saling funtions with quantum numbers
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2
)
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2
, 5
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)
and
(−5
2
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)
(shown with ontinuous lines).
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